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Abstract

The original rough set model is concerned primarily
with the approximation of sets described by single binary
relation on universe. In the view of granular computing,
classical rough set theory is researched by single
granulation (static granulation). The article extends the
Pawlak rough set model to rough set model based on
multi-granulations MGRS, where the set approximations
are defined by using multi-equivalences on the universe.
Mathematical properties of MGRS are investigated. It is
shown that some properties of Pawlak rough set are
special instances of MGRS, approximation measure of
set described by using multi-granulations is always
better than by using single granulation, which is suitable
for describing more accurately the concept and solving
problem according to user requirement.

Keywords:Rough set; Multi-granulations,; Approximation
measure.

1. INTRODUCTION

Rough set theory, proposed by Z. Pawlak [1], has
become well established as a mechanism for uncertainty
management in a wide variety of applications related to
artificial intelligence. Several extensions of rough set
model have been proposed in the past, such as variable
precision rough set (VPRS) model (see [2]), rough set
model based on tolerance relation (see [3]), Bayesian
rough set model (see [4]), fuzzy rough set model and
rough fuzzy set model (see [5]), etc. In the view of
granular computing, however, a general concept
described by a set is always characterized via the so-
called upper and lower approximations under static
granulation, i.e., the concept is depicted by known
knowledge induced by single relation on the universe. In
practice, we often need to describe the concept through
multi-relations on the universe according to user
requirement or the target of solving problem. In the view
of granular computing (proposed by L. A. Zadeh [6]), an

equivalence relation on the universe can be regarded as a
granulation, and a partition on the universe can be
regarded as a granulation space [7, 8]. Several measures
in knowledge base closely associated with granular
computing, such as knowledge granulation, granulation
measure, information entropy and rough entropy, were
discussed by J. Y. Liang and Z. Z. Shi in [9, 10]. The
main objective of this paper is an extension of classical
rough set under static granulation, rough set model based
on multi-granulations (MGRS).

The paper is organized as follows: in section 2, the
basic concepts of rough set theory are reviewed. Rough
set method based multi-granulations is proposed, its
some useful properties are obtained in section 3. In
section 4, we conclude the present research.

2. ROUGH SET CONCEPTS

Rough set theory [1] has become well established as a
mechanism for uncertainty management in a wide variety
of applications related to artificial intelligence.

Let K =(U,R) be an approximation space, where
U is a non-empty, finite set called the universe; R is a
partition of U , or an equivalence relation on U . [X],
(x€ U) denotes the equivalence class containing X .

An approximation space K =(U,R) can be
regarded as a knowledge base about U . Equivalence
class of R is also called elementary set. The equivalence
relation R partition the universe U into disjoint subsets.
This partition of the universe U induced by R is denoted
by U/R.

Given an equivalence relation R on U , and a subset
X, we can define a lower approximation of X in U
and a upper approximation of X in U by the following

RX =UlxeU|[xl, c X}, (O

and



RX =U{xeU|[x],nX #3}. ()
The R -positive region of X is POS,(X)=RX,
the R -negative region of X is NEG,(X) = U-RX,
and the boundary or R -borderline region of X is
BN,(X)=RX —RX . X is called R -definable if

and only if RX = RX . Otherwise RX # RX and X

is rough with respect to R .
We call X is R -definable if and only if

RX =RX, and X is rough with respect to R if and
onlyif RX # RX .
Let K= (U, R) be an approximation space, X € U

a subset on U . The approximation measure ¢/, (X) is
defined as
e
(X)) ===, 3)
[RX

where X # ), |X | denotes the cardinality of set X .

Let K = (U,R) be a knowledge base, P, € R two
equivalence relations, U /P ={X ,X,,---, X, } and
U/Q={Y,,Y,,--,Y } are partitions induced by P
and (0. We define a partial relation < on R as follows:
P <Q , if and only if, for every X € U/ P , there
exists Y € U/Q such that X C Y. That is to say, O
is coarser than P, or P is finer than Q. If P<Q and
P #Q, we say Qis strictly coarser than P (or P is
strictly finer than ), and denoted by P < Q. In fact,
P<Q0& for every XeU/P , there
YeU/Qsuch that X Y, and exist X, € U/ P,
Y, e U/Qsuchthat X, C Y.

exist

3. ROUGH SET APPROXIMATION
BASED ON MULTI-GRANUALTIONS

In the view of granular computing, the approximation
of a set is described by using a single equivalence
relation (granulation) on the universe. Simply, we discuss
firstly the approximation of set by using two equivalence
relations on the universe, i.e., the target concept is
described by two granulation spaces.

Definition 1. Let K = (U,R) be a knowledge base, R
a family of equivalence relations, XcU, P,Qe R,

we define a lower approximation of X and a upper
approximation of X in U by the following

PLQX:U{XHX];J cXor[x],c X}, &

and

P+0OX =~ P+0(~ X). (5)

We will illuminate the rough set approximation based
on multi-granulations and the deference between the
rough sets method and Pawlak rough sets by the
following example.

Example 1 Let K = (U , R)) be a knowledge base,
XcU,R,,R,e R where U ={e,e,,e;,¢,,
es5,€.,6,,6}, X=1{e,e,,¢e.,¢6}.
U/R ={{e.e;}.{e,.65,e4.65,6) {6}
U/R, ={{e,e,},{e;,e,,e5},{eg,e,, 651},
U/R MR, ={{e}.{e,} 16560650 e} e, e ) -

By computing, we have that

R+ R,X =Ufx|[x], € Xor[x], X}
= {eg} U ie,e,}
={e.,€,, 6},

R +R, X =~ R, +R,(~ X).
={6,6,,6,6,,6,,€6,,€,6§ M {6,6,,€,,€,,6}
={e,,e,,e4,e,}.

R, NR,X ={e,e,,es e},
R NR,X ={e,e,,e,e}.

Obviously, it follows from above computation that

R +RX#R NRX,

R +RX#R NR, X.
Directly from the definition of approximations we can
get the following properties of the lower and the upper
approximations.

Proposition 1. Let K = (U, R) be a knowledge base,
X cU, P,Qe R, the following properties hold

1) PLQXQXQP+QX;

DP+OB=P+0D=0 ;
P+QU =P+QU =U ;

3) P+Q(~ X) =~ P+0X ;
P+O(~X)=~P+0X;




4) P+Q(P+0X)=P+0(P+0X)=P+0X;

5) P+Q(P+0X)=P+Q(P+0X)=P+0X;

6) P+OX =PX LOX;

7) P+0X = PX N OX;

) P+OX =Q0+PX,P+0OX =0+ PX.
Proof.

If P=Q(P,0€ R), then (4) degenerates into
PX =U{x|[x], < X}, (5) degenerates into PX =
~P(~ X) =U{x|[x], " X =D} . Obviously, they
are the same as upper approximation and lower

approximation of Pawlak rough sets [1], and hence 1)-8)
hold.

If P#Q(P,Q€ R) we give their proving as follows.
la) Let x,y€ P+ QX (x,ye U),then [x], € X

and [y], € X .But x&€[x], and y € [y],, hence
x,y€ Xand P+OX C X.

1b) Letx,y€ X, then x€[x], N\Xand ye[y], NX,
ie, [x], "X # O and [y], N X # . Hence,

x,ye P+Q0X ,and X Cc P+0X.
2a) From 1), we can know that P+ Q& < & and

I c ﬂ @ (because the empty set is included in
every set), therefore PLQ@ =0.

2b) Suppose FQ@#@. Then there exists X such
that xe @@ . Hence[x] "D #D , but[x]| "F=L

, what contradicts the assumption. So, P+QJ0 = .
2¢) From 1), we can know that P + QU < U . And

if x € U ,then [x] C U .Hence xe P+QU and
UcP+QU,thus P+QU=U.

2d) From 1), we can getthat U < P + QU . And
P+QU c U hold clearly. Thus, P+ QU =U .

3) From (5), P+ Q(~ X) =~ P+ QX is obvious.
And assume X=-X, then P+Q(~X)=~P+Q(~(~X))
=~ P+0X.

4a) From 1), we know that P+Q(P+0X)c P+0X.
If xe P+QX , then [x],, [x],SX , hence
P+0[x], cP+QX and P+([x], cP+0OX.
But P+{x], =[x], and P+Q[x], =[x], .
[x]p, [x],cP+OX and x€ P+ Q(P+0X) .
Hence, one have that P+QX =P+Q(P+0X) .
Therefore, P+Q(P+0X) = P+ QX hold.

4b) From 1), P+QX < P+Q(P+QX) hold. If
Xx€P+Q(P+0X), then [x], "\P+0OX 2D,
[xX]p " P+ QX # O, ie., there exist y€ [x], and
z€ [x], such that ye P+ OX and z€ P+0X .
Hence [y], € X, [z], € X . But [x], =[y],,

SO

[X]Q Z[Z]Q , thus [x]p cX, [X]Q c X , and
x€ P+(QX . Hence, We have that P+QX D
P+QO(P+QX). Therefore, P+Q(P+0X)=P+0X
hold.

5a) From 1), P+ QX c P+ Q(P+ Q0X) hold. If

xe P+QO(P+QX), then [x], "P+0OX # and
[x], "P+QOX #D. For some y € [x],, ye P+0X,

and some z€[x],, z€ P+QX , we have that
[¥1p NX#D, [Z]Q NX#D. But [x], =[¥], .
[x]p =[z]p, thus [x], "X #D, [x], "X D,

that is to say, x&€ P+QX hold, which yields
P+0X 2 P+Q(P+QX). Therefore, we have that
P+O(P+0X)=P+0X.

5b) From 1), one know that P+Q(P+QX)CP+0X.
If x,ye P+0X , then [],"X#Z, [y],nX#D.

Thus, [x], € P+ QX , [y], € P+ QX (because if
x'€[x],, then [X]NX =[x], "X 2D , ic.,
x'€P+0X). And x& P+Q(P+0X) , we have
that PLQ(FQX QFQX). Therefore, we get that
P+Q(P+0X)=P+0X .




6) From (4), we can know easily that for Vx € U , if
[x], € X then xe P+ QX ,andif [x], € X then

x€ P+ QX ,thatis, PX CP+0X , QX P+0X.
And, if there exists y € X with ye P+0X — U[X]P

xeU

- U[x]Q =, then [y]=. Therefore, we have

xeU

that P+OX =PXUQX.

7) From (5) and 6), we can obtain that P+ QX =
~ P+~ X)=~ (P~ X)L Q(~ X)) =

~(~PXu~0X)=PXNQOX.

8) They are straightforward from Definition 1.
This completes the proof.

In order to discover the relationship the approximation
of a single set and the approximation of two sets
described by using two granulations, the following
properties are given.

Proposition 2. Let K = (U,R) be a knowledge base,
X,Y cU, P,Qe R, the following properties hold
D P+OXNY)=(PXNPY)U(QX NOY);
2) P+O(X UY)=(PX UPY)N(0X UQY);
PH+O(X NY)c P+O(X)NP+OY);
4H P+O(XUY) 2 P+O(X)UP+QO(Y),
5 XcY=P+0X c P+0Y;

6) XY =P+0X c P+0Y;
N P+O(XUVUY) 2 P+OX UP+QY;

8) P+O(X NY)c P+OX NP+(QY.

Proof.
If P=0Q(P,0e R), then (4) degenerates into

PX =U{x|[x], € X}, (5) degenerates into PX =
~P(~ X)=U{x|[x], N X # D} . Obviously, they

are the same as upper approximation and lower

approximation of Pawlak rough sets [1], and hence 1)-8)
hold.

If P#Q(P,Q€ R), we give their proving as
follows.

D) P+O(X NY)=P(X NY)UQX NY)
=(PX N PY)U(QX NOY).
2) P+O(X UY)=P(X UY)NO(X UY)

=(PX UPY)N(OX UOY).
3) It follows from 1) that
P+Q(XﬁY)=(]_3Xﬁ]_3Y)U(QXﬁQY)

=(PXNPY)UOX) N(PXNPY)UQY)
=(PX UV OX)N(PY L QX))

N ((PX U QY)N(PY UQY))
=P+0X NP+QY

N((PX LQY)N(PY L QX))
cC P+OXNP+QY.
4) It follows from 2) that

P+O(X UY)=(PX UPY)N(OX UQY)
=((PX UPY)NOX)U((PX UPY)NQY)
=((PX N OX)U(PY NOX))

U((PX N OY)U (PY N QY))
=P+Q0XUP+0QY

U((PX NOY)U(PY NOX))
DP+OXUP+QY.

55 If X Y ,then X NY = X . It follows from 3)
that

P+O(XNY)=P+QX c P+QXNP+QY
=>P+0X=P+0XNP+QY
=>P+0X cP+QY.

6)If X €Y ,then X UY =Y . It follows from 4)
that

P+O(XVUY)=P+QY D P+OX UP+QY
=>P+QY=P+0OXUP+QY
=>P+0X cP+QY.

Nltisclearthat X c X VY, Y Cc X UY. It
follows that

P+OX cP+O(XUY),
P+QY c P+O(XVUY).
Hence P+QX U P+ QY Cc P+Q(X UY);

) Itisclearthat X N"Y Cc X, X NY Y. It
follows that

P+O(X NY)c P+0X,
P+O(XNY CP+0QY).



Hence P+ Q(X NY Cc P+OX NP+QY).

This completes the proof.

Based on above conclusions, we here extend to
classical rough set method to rough set model based on
multi-granulations, where the set approximations are
defined by using multi-equivalences on the universe.

Definition 2. Let K = (U,R) be a knowledge base,
XcU, B,P,

approximation of X and a upper approximation of X
relatedto P, P,,-+-, P by the following

ZLF:‘X:U{XHX]E c X,i<mj, (6)

,-, P € R, we can define a lower

and

Lhx =3 RC-X). ()

Directly from the definition of approximations we can
get the following properties of the lower and the upper
approximations.

Proposition 3. Let K = (U, R) be a knowledge base,
X c U , the following properties hold

b2 B =ULRX:
2 DL RX =L R
) Y B~ X)=~ 3" PX;
9 B(~X)==3" PX.

Proof.
1) 1t follows from (4) that for Vxe U , if [x], € X,

(P€R), then xe Y " PX .

that is to say,

PX c PX And, if there exists y € X such

that ye Z PX— U [x], =
Thus, we have that Zi:l PX = Ui:l PX
2) From (7) and 1), we have that
:71 P X — Zﬂ‘l (N X) — Uﬂ‘l
Ul 1(~ PX) i F'X )
3) It is straightforward from (7).

, then y=O .

P (~X)

4)Let X =~ X in (7), we have that

D" P(~X)=~>"PX.

This completes the proof.

Proposition 4. Let K = (U, R) be a knowledge base,
X, X,,-» X cUbe nsubsetson U, B,P, -,
P € R, the following properties hold

D2 RO X0 =UL(. B )
z)zlll(U xX)=(, U BX)):
H 2 B X)L RX,
»y P x)2U, P-Xj);
5y bU x)=2U QL X
ODNRAR A= AN (lel

Proof.

Similar to proposition 2, we can prove the following

1)2 P(ﬂ LX) = U, [(ﬂ;Xj)

=UL (. 2X)-

UL =N5PUL %)

=N_ U X

»2m PO LX) =UL (. BX)
=M. UL rx)n-
—ﬂjl Z PX)N-
. XLPX,

03 LX) - mlﬂ(UFngj)
=, PX)u-
:Uj—:l(ZZIR-Xj)uM
=1G IO

5) It follows from VX = LJ]_:1 X, that

properties.

D




2. hx 2 B X))

Hence, we have that

2 hULx0=2UL L RY,

6) It follows from ﬂ -=1X./' cX,(jell2,,n})
that Z:LPIX le l(ﬂ/ X ;). Hence, we have

2R ML RA,

This completes the proof.

Proposition 5. Let K = (U,R)be a knowledge base,
X, X,,, X, cUwith X, c X, c---C X, be

n subsets on U, P, P,,---,P € R, the following
properties hold

DY PX,cY" PX,c-C

2) Zi:lpin < Zi:lpiX2 <
Proof.

Suppose 1 <7< j <n then X, € X, holds.

1) Clearly, X; M X, = X, . Hence, it follows from 3)

in proposition 4 that

2L BX =Y RX,nX)c} RX,n) ] PX))

= ZZlPiXi = ZZlPiXi a ZZlPiX./‘
= ZZlPiXi < ZLPI‘X./'

Therefore, we have that
Zi:lpin - Zi:lPin < - Zi:lPiX"'

2) Clearly, X; U X ; = X ;. Hence, it follows from
4) in proposition 4 that

Zzngj ZZ:PI(‘XI UX] QZLB‘X; UZ:BXJ)
= ZZlPiX./ = ZZlPiXi o ZZlPiX./‘

= Zi:lpiXi < i:lPiX./"

Therefore, we have

ZZIPin < ZZlPiX2 < "'Ziﬂ;Pan'

This completes the proof.

Uncertainty of a set (category) is due to the existence
of a borderline region. The greater the borderline region
of a set, the lower is the accuracy of the set. Similar to

0, (X), in order to express this idea more precisely we
introduce the accuracy measure as follows.

Definition 3. Let K = (U, R) be a knowledge base,
XcU, P={R,P,---,P,}, VPeR(@ <m),the

approximation measure is defined by

> |
2

where X # O, |X | denotes the cardinality of set X .

op(X) =1 ®)

Proposition 6. Let K = (U, R) be a knowledge base,
X cU,P={P,P,--,P,}, P < Pasubset of
P, VP eR(i<m),then

ap(X)za, 20, (X)ism).
Proof.

Considering that P ' C Pis a subset of P , we follow
from definition 2 that

UZIEX;)UEGP,EQP' EX:
ZIEX = ﬂEGP,EeP'FiX

Then, it is clear that | U”;I PX 2 U

VP Sy s B

Hence, we have that

>rpx U ex

> xR

‘UPGP PeP _L ‘
‘ﬂPeP PeP £ ‘

E PX
PeP,PeP "1

E PX
PeP,PeP "1

=a,(X).
Similarly, we have &, (X) 2 &, (X)(i < m).
Thus, inequality @/,(X) 2 &, (X) 2 0, (X)(i <m)
hold for arbitrary P' C P and every PeP.

PX],
PeP,PeP_L

aP(X) =




This completes the proof.

Proposition 6 shows that approximation measure of
set the concept enlarges as the number of granulations for
describing the concept become increases.

Example 2 Continue from example 1.

Suppose P={R,, R, }. By computing, we have that
R +R,X| 3
aP (X) — :‘ =—,
&+&ﬂ 4
RX| 1
aRl (X) = 1= =,
RX| 8
R,X| 2
aRZ(X):: ‘ =,
RX| 5

Obviously, it follows from above computation that,
0 (X) > 0t (X),
0y (X) >ty (X).
In particular, if R, <R, , then &,(X) =0, (X)holds.
It can be understood by the following proposition.

Proposition 7. Let K = (U, R) be a knowledge base,
XcU, P:{Plapza"'apm} with Pljpzj"'jpma
VP eR(i <m), then

nFX=RX. ©)

L PX=RX. (10)

Proof.
Suppose 1< j <k <m, P, <P, . From the definition

of <, we know that for every [x]Pj € U/ P,, there
exists [x], € U/ P, such that [x] p S [x]p, -
Therefore, we have that
PX =+, IIx],, < X}
o X =\J{[x], [x], € X},

ie.,

Pj+PkX:iXu§X:ZX.

Since P, <P, <---<P , one have that

m

i=1

X =J PX=RX.

Similarly, we also have that
PX = J{[x]y [x], 0 X =D}
c RX ={Jilxly, [x], n X =2},

ie.,

P+PX=PXNPX=PX.
Thus, we have that
i:lPiX - ﬂi:lPiX =hX.
This completes the proof.

6. CONCLUSIONS

The main objective of this paper is an extension of
classical rough set under static granulation, rough set
model based on multi-granulations (MGRS), where the
approximations of sets are defined by using multi-
equivalences on universe. These equivalences are chosen
according to user requirement or target of solving
problem. The method has some useful properties. In
particular, some properties of Pawlak rough set are
special instances of MGRS, approximation measure of
set described by using multi-granulations is always better
than by using single granulation.

Presented approach appears to be well suited for data
mining applications where the acquisition of decision
rules with high approximation measure, and further
studying rough set theory. Further research is planned to
evaluate the MGRS method in comparison to original
Pawlak’s approaches, and to extend other rough set
methods.
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