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Abstract

The original rough set model is concerned primarily
with the approximation of sets described by single binary
relation on the universe. In the view of granular
computing, classical rough set theory is researched by
single granulation. The article extends the rough set
model based on tolerance relation to incomplete rough
set model based on multi-granulations, where the set
approximations are defined by using multi tolerance
relations on the universe. Its some basic mathematical
properties are investigated as well. It is shown that some
properties of rough set model based on tolerance relation
are special instances of this new model, the
approximation measure of a target concept described by
using multi-granulations is always better than by using
single granulation, which is suitable for describing more
accurately the concept and solving problem according to
user requirement in incomplete information systems.
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1. INTRODUCTION

Rough set theory, proposed by Z. Pawlak [1], has
become well established as a mechanism for uncertainty
management in a wide variety of applications related to
artificial intelligence. Several extensions of rough set
model have been proposed in the past, such as variable
precision rough set (VPRS) model (see [2]), rough set
model based on tolerance relation (see [3]), Bayesian
rough set model (see [4]), fuzzy rough set model and
rough fuzzy set model (see [5]), etc. In the view of
granular computing, however, a general concept
described by a set is always characterized via the so-
called upper and lower approximations under static

granulation, i.e., the concept is depicted by known
knowledge induced by single relation on the universe. In
practice, we often need to describe the concept through
multi-relations on the wuniverse according to user
requirement or the target of solving problem. In the view
of granular computing (proposed by L. A. Zadeh [6]), an
equivalence relation on the universe can be regarded as a
granulation, and a partition on the universe can be
regarded as a granulation space [7, 8]. For an incomplete
information system, similarly, a tolerance relation on the
universe can be regard as a granulation, and a cover
induced by the relation can be regarded as a granulation
space. Several measures in knowledge base closely
associated with granular computing, such as knowledge
granulation, granulation measure, information entropy
and rough entropy, were discussed in [9-11]. An
axiomatic approach to measure information granulation
in information systems was presented in [12], which
provides a basic framework for describing information
granulation. On research of rough set method based on
multi-granulations, Y. H. Qian and J. Y. Liang brought
forward a rough set model based on multi-granulations
(MGRS) (see [13]), which is established by using multi
equivalence relations. The main objective of this paper is
an extension of MGRS, rough set model based on multi
tolerance relations in incomplete information systems.
The paper is organized as follows: the basic concepts
of rough set theory and MGRS are reviewed in Section 2.
In Section 3, rough set method based multi tolerance
relations is proposed, its some useful properties are
obtained. In Section 4, we conclude the present research.

2. ROUGH SET CONCEPTS

Rough set theory [1] has become well established as a
mechanism for uncertainty management in a wide variety
of applications related to artificial intelligence.
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Let K = (U,R) be an approximation space, where
U is a non-empty, finite set called the universe; R is a
partition of U , or an equivalence relation on U . [X]s
(X eU) denotes the equivalence class containing X .
An approximation space K=(U,R) can be regarded
as a knowledge base about U . Equivalence class of R is
also called elementary set. The equivalence relation R
partition the universe U into disjoint subsets. This
partition of the universe U induced by R is denoted by
U/R.
Given an equivalence relation R onU | and a subset
X', we can define a lower approximation of X in U
and a upper approximation of X in U by the following
RX =U{xeU |[x] = X}, O
and
RX =U{xeU [[Xg nX #@}.
The R -positive region of X is POS;(X)=RX,

the R -negative region of X is NEGL(X)=U —RX ,
and the boundary or R -borderline region of X is
BN;(X)=RX -RX . X is called R -definable if

and only if RX = RX . Otherwise RX # RX and X

is rough with respect to R .
Let K =(U,R) be an approximation space, X €U

a subset on U . The approximation measure &g (X) is

defined as
x) =3 ®
Oqn ==,
RX
where X =, X| denotes the cardinality of set X .

Definition 1(see [13]). Let K = (U, R) be a knowledge
base, X cU ,P,P,,--,P, € R, we can define a

lower approximation of X and a upper approximation of
X related to P, P,,---, P by the following
m -
Do PX=UX[[X], cX,ismy, @

and

2 RX =2 REX). ®)

The boundary is defined as
BNZ?LPi (X)= Zizl R X _Zi:l RX.

3. MGRS IN INCOMPLETE INFORMAT
-ION SYSTEMS

An information system is a pair S = (U, A) , where,
(1) U is a non-empty finite set of objects;

(2) Ais a non-empty finite set of attributes;

(3) for every aeh, there is a mapping @, a:U — >

where Va is called the value set of Q.
If Va contains a null value for at least one attribute

ae€ A, then S is called an incomplete information
system, otherwise it is complete (see [3]). Further on, we
will denote the null value by *.

Let S=(U,A) be an incomplete information
system, P < A an attribute set. We define a binary
relation on U as follows

SIM(P) ={(u,v) eU xU | Va e P,a(u) =a(v)

or a(u)=*or a(v)=*}.

In fact, SIM (P)is a tolerance relation on U , the

concept of a tolerance relation has a wide variety of
applications in classification (see [3]).

It can be shown that SIM (P) = ﬂaEP SIM({a}).

Let Sy (U) denote the set {veU|(u,v) e SIM(P)}.
S, (U) is the maximal set of objects which are possibly
indistinguishable by P with U .

Let U/SIM(P) denote the family sets {Sp(U)|U €U},
the classification or the knowledge induced by P . A
member S, (U) from U/SIM(P) will be called a

tolerance class or an information granule. It should be
noticed that the tolerance classes in U/SIM(P) do not

constitute a partition of U in general. They constitute a
cover of U , i, Sp(U) = for every UeU , and
U, Sew=U.

Now we define a partial order on the set of all
classifications of U . Let S = (U, A) be an incomplete

information system, P,Q < A . We say that Q is
coarser than P (or P is finer than Q ), denoted by
P<Q. ifand only if S, (U;) < Sq(U;) ., and Vi e {l,

2,-,JU[}. If P<Qand P #Q, we say that Q is
strictly coarser than P (P is strictly finer than Q) and
denoted by P < Q (see [10]).



In fact, P < Q < for Vie{l, 2,---,|U |}, we have
that S, (U;) < S (U;), and Fj €{l, 2,---,[U |}, such
that Sp(U;) <= Sq(U;).

In the view of granular computing, the approximation
of a set in incomplete information systems is described
by using a single tolerance relation (granulation) on the
universe. Simply, we discuss firstly the approximation of
a set by using two tolerance relations on the universe, i.e.,
the target concept is described by two granulation spaces.

Definition 2. LetS=(U,A)be an incomplete information
system, P,Q < A two attribute subsets, XU , we

define a lower approximation of X and a upper
approximation of X in U by the following
P+QX =Uix| SIM (x) = X or SIMy(X) = X}, (6)

and

P+QX =~P+Q(~ X). 7

We will illuminate the rough set approximation based
on multi-granulations and the difference between the
rough sets method and the rough set model based on
single tolerance relation by the following example.

Example 1. Let S =(U, A) be an incomplete information
system, P,Q < Atwo attribute subsets, X cU, where
U= {919 €,,65,6,,65,64,6,, eg}n
X={e,e,,€,8&}.
U/SIMP)={£,.6,}.{6,.8:,€,,85,6}.{8,.€,,8,,65, €},
{€,,€5,€,,85,641,{8,,€5,8,,65,6:},{€,,€,,8,,€5,8},
{e.6 5, {8},
U/SIMQ)=1{{.€,},18,,€,}.16;,€,,6;},1€;,8,,6 ],
{e5.€,.65),{6.8;,8 ), {8, €,,6},{€. €. 6} },
U/SIMPUQ) ={ &} .{6,{8,,6,,6} 16:.6,.6 ) ,{8,,8,,8}
{8}, (8,5, 18}

By computing, we have that

ﬂgx =U{x| SIM, (x) c X or SIM, (X) € X},
= {&} U {elaez}
= {€,€,,6},

P+QX =~ P+Q(~ X).
=~ {Jufle;.e,.e}

=18,6,,64,€,,65,65,€,,6} M 16,6,6,,€,,6}
= {elaezae6=e7aes}~

PUQX ={e,e,,6,86},

PUQX ={e;,e,,€;.6}.
Obviously, it follows from above computation that

P+QX #PuQX,
P+QX #PuQX.

Proposition 1. Let S =(U, A) be an incomplete inform

-ation system, P,Q < Atwo attribute subsets, X CU.
Then
HDP+QX cPuUQX,

2)P+QX o PUQX.
Proof.
1) For any X € P+QX, from Definition 2, it follows

that SIM, (X) = X or SIM,(X) = X . Hence, we have
that XeSIM,(X) NSIM,(X). But SIMs(X)NSIM,(X)
c SIM,, ,(X) for X €U, therefore X € SIM_,(X),
ie, P+QX c PUQX .

2) From rough set model based on tolerance relation,
we know P UQX =~ PUQ(~ X). Since 1), we get
that

PUQX =~ PUQ(~ X)
c~ P+ Q(~ X)
=P+QX,

thatis P+QX o PUQX.
This completes the proof. O

Directly from the definition of approximations we can
get the following properties of the lower and the upper
approximations.

Proposition 2. Let S =(U, A) be an incomplete inform

-ation system, P,Q < Atwo attribute subsets, X CU.
Then the following properties hold

1) mx c X cP+QX;
)P+QI=P+Q0=0:
P+QU =P+QU =U;
3) P+Q(~ X) =~ P+QX;
P+Q(~ X)=~P+QX;
4 P+QX =PX UQX;




5) P+QX = PX nQX;
6) P+QX =Q+PX,P+QX =Q + PX.

Proof. Their proofs are omitted here.

In order to discover the relationship the approximation
of a single set and the approximation of two sets
described by using two granulations, the following
properties are given.

Proposition 3. Let S =(U, A) be an incomplete inform
-ation system, P,QcC Atwo attribute subsets, X,Y cU.

Then the following properties hold,
D P+Q(XNY)=(PXNPY)u(@QX nQY);

2) P+Q(X UY)=(PX UPY)n(QX UQY);
HP+QX NY)cP+Q(X)NP+Q(Y);

HP+QX UY)DP+Q(X)UP+Q(Y);
55X cY = P+QX cP+QY;

6) X <Y =>P+QX cP+0QV;
HP+Q(X UY)DP+QX UP+QY;

HP+QAQ(XNY)cP+QX NP +QY.

Proof. If P=Q , then they are the same as upper

approximation and lower approximation of rough set
model based on tolerance relation (see [3]), and hence 1)-
8) hold.

If P#Q, we give their proving as follows.
HDP+Q(XNY)=P(X mY)UQ(X NY)

=(PX ﬁEY)u(QX ﬁQY).
2) P+Q(X UY)=P(X UY)NQ(X UY)

= (PX UPY)N(QX UQY).
3) It follows from 1) that
P+Q(XNY)=(PX NPY)U(QX nQY)

=(BXAPY)wQX) n(BX nPY)LuQY)
=(BEXvQX)n(BY QX))
N(PXwQY)n(PY uQY))
=P+QX nP+QY
N((PXuQY)N(PY QX))
cP+OX NnP+QY.

4) It follows from 2) that
P+Q(XuUY)=(PXUPY)Nn(QX uQY)

=(PX UPY)NQX)U((PX UPY)NQY)
= ((PX nQX)U(PY QX))
U((PX nQY)U(PY nQY))
=P+QXUP+QY
U((PX nQY)U(PY NnQX))
SP+QX UP+QY.
5 If X <Y ,then X NY = X . It follows from 3)
that
P+Q(XNY)=P+QX cP+QX NP+QY
= P+QX=P+QX "P+QY
= P+QX c P+QY.

6)If X <Y ,then X UY =Y . It follows from 4)
that

P+Q(XUY)=P+QY 2 P+QX UP+QY
=>P+QY =P+QX UP+QY
=P+0QX c P+QY.

Tltisclearthat X < X UY,Y c X UY . It
follows that

P+QX cP+Q(X LY),
P+QY cP+Q(XUWY).
Hence P+ QX UP +QY c P+Q(X UY);

8 Itisclearthat X NY < X, X NY Y . It
follows that

P+Q(X NY)cP+QX,
P+Q(XNY cP+QY).

Hence P+ Q(X NY)c P+QX NP +QY .
This completes the proof. U

Based on above conclusions, we here extend to rough
set model based on single tolerance relation to rough set
model based on multi-granulations in an incomplete
information system, where the set approximations are
defined by using multi tolerance relations on the universe.

Definition 3. Let S =(U, A) be an incomplete inform -
ation system, X c U ,B,P,,---P. A, we can define
a lower approximation of X and a upper approximation

of X relatedto P,,P,, -, P, by the following
ST RX=UX[SIM, () Xi<m),  ®

and



m m
2 RX =2 REX).
Directly from the definition of approximations we can
get the following properties of the lower and the upper
approximations.

&)

Proposition 4. Let S =(U, A) be an incomplete informa
-tion system, X U . Then the following properties hold

DY PX =ULEX;
2) Z PX =
3) ZHPi(~X)=~MX;
DDINICPOEDINS

Proof. 1) From the formula (4) in Proposition 2, it can be
proved.
2) From (9) and 1), we have that

le leP(NX)_ U
ZNUi=1(~PiX) - ﬂm X

3) It is straightforward from (9).
4)Let X =~ X in (9), we have that

2 P=X) =3 RX

This completes the proof. O

PX

R (~X)

Proposition 5. Let S =(U, A) be an incomplete inform

-ation system, X, X,,--+, X, U be Nsubsetson U,

P.P,,---,P, < A, the following properties hold

D RO, X0 =UL (O, PX):
2 2 Pl XD =ML UL PX):
) Y RO XD )L G RX):
o2 RUL XD 2UL G PX s
5 Yo PUL XD 2UL G RX):
o X RO XD e, RX)).

Proof. Similar to Proposition 3, we can prove the
following properties.

D 221 P (ﬂr;:l X j) - U:il E(HL X J')

=UL (L PX ).
o 3L RUL X=X
:nil(U?_lﬁxi)
3) &(ﬂ?zl X =ULNLPX)
=ML ULRX DA
:ﬂ'}zl(&xﬂm...
<. ELPX).
92 PULXD=NLULPX)
=UL (VL RXp o
:U’j‘zl(zzlpixj)u...
2L ZLRX).
5) It follows from VX ; C U".f X ; that

ZI IPX Cle I(U] IX )

Hence, we have that
> RUL X2l L RX

6) It follows from ﬂL Xj cX j (je{l,2,---,n})
thatz PX. DZ. L I(ﬂj 1X ). Hence, we have
Z (njlx)cﬂ]l(ZII i

This completes the proof. Ul

4, CONCLUSIONS

The main objective of this paper is an extension of
rough set model based on tolerance relation under static
granulation, rough set model based on multi-granulations
(MGRYS) in incomplete information systems, where the
approximations of sets are defined by using multi
tolerance relations on the universe. These tolerance
relations are chosen according to user requirement or the
target of solving problem. The method has some useful
properties. In particular, some properties of original
rough set model based on tolerance relation are special
instances of MGRS in incomplete information systems,
and approximation measure of a target concept described



by using multi-granulations is always better than by
using single granulation.

Presented approach appears to be well suited for data
mining applications where the acquisition of decision
rules with high approximation measure, and further
studying rough set theory. Further research is planned to
evaluate the MGRS method in comparison to original
rough set approaches, and to extend other rough set
methods.
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