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Information granulation and entropy theory are two main approaches to research 
uncertainty of an information system, which have been widely applied in many 
practical issues. In this paper, the characterizations and representations of infor-
mation granules under various binary relations are investigated in information 
systems, an axiom definition of information granulation is presented, and some 
existing definitions of information granulation become its special forms. Entropy 
theory in information systems is further developed and the granulation monoton- 
icity of each of them is proved. Moreover, the complement relationship between 
information granulation and entropy is established. This investigation unifies the 
results of measures for uncertainties in complete information systems and incom-
plete information systems. 

information systems, information granule, information granulation, entropy, rough set 

1  Introduction 

Granular computing (GrC) was presented by Zadeh in 1996[1]. He identified three basic concepts 
that underline the process of human cognition, namely, granulation, organization, and causation. 
“Granulation involves decomposition of whole into parts, organization involves integration of 
parts into whole, and causation involves association of causes and effects”. GrC is an umbrella 
term to cover any theories, methodologies, techniques, and tools that make use of granules in 
problem solving[2―4]. As an effective tool for complex problem solving, it has potential applica-
tions in rough set theory, concept lattice, knowledge engineering, data mining, artificial intelli-
gence, machine learning, etc., and has become an important research issue in information sci-
ences field[5―12].  

Granular computing has three important models: 1) computing with words[1, 2], 2) rough set 
theory[13], and 3) quotient space theory[14―16]. 
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Information granulation is mainly used to study uncertainty of information or knowledge in 
information systems. Wierman[17] introduced the concept of granulation measure to measure un- 
certainty of information. This concept has the same form as Shannon’s entropy under the axiom 
definition presented. Liang et al.[18―20] investigated information granulation in complete/incom- 
plete information systems, which have been effectively applied in measuring for attribute signifi- 
cance, feature selection, decision-rule extracting, etc. Qian and Liang[21] introduced combination 
granulation with intuitionistic knowledge-content nature to measure the size of information 
granulation in information systems.  

The concept of entropy that comes from classical energetics can be used to measure out-of- 
order degree of a system. The entropy of a system as defined by Shannon[22], called information 
entropy, gives a measure of uncertainty about its actual structure. It has been a useful mechanism 
for characterizing uncertainty in various modes and applications in many diverse fields. 
Düntsch[23] used Shannon’s entropy to measure for decision rules in rough set theory. In refs. [24, 
25], Beaubouef and Petry introduced a variant of Shannon’s entropy to investigate uncertainty 
measure in rough set theory and rough relationship database. In 1968, Zadeh defined the entropy 
of a fuzzy set as a weighted Shannon’s entropy. It is the first attempt for measuring fuzzy infor-
mation. In 1972, De Luca and Termini[26] formulated the axioms of fuzzy entropy, gave a dis-
tance measure and similarity measure of fuzziness of fuzzy sets, and established the relationship 
between these two concepts. In ref. [27], the author gave a new fuzzy entropy and applied it for 
measuring for the fuzziness of a fuzzy-rough set based partition. A new information entropy was 
proposed by Liang in ref. [28] and its conditional entropy and mutual information were defined. 
Unlike the logarithmic behavior of Shannon’s entropy, the gain function of Liang’s entropy pos-
sesses the complement nature. This entropy can be used to measure the fuzziness of a rough set 
and a rough classification. Qian and Liang[21] proposed combination entropy with intuitionistic 
knowledge-content characteristic in incomplete information systems, which can be used to meas-
ure the uncertainty of an incomplete information system.  

In this paper, we unify some measures for uncertainties in complete information systems and 

incomplete information systems. By introducing a partial relation ′p , an axiom definition of in-
formation granulation is given in information systems and some existing measures of information 
granulation are all its special forms. Entropy theory is further developed in incomplete informa-
tion systems, granulation monotonicity of each of the entropies is proved, and the complement 
relationship between information granulation and entropy is established. These results provide 
effectual tools for studying uncertainty in information systems.  

2  Information granules in information systems 

2.1  Complete information systems 

An information system is pair ( , ),S U A=  where U is a non-empty finite set of objects, A is a 

non-empty finite set of attributes, and a: aU V→  is a mapping for ,a A∈  where aV  is called 
the value set of a. 

For an information system ( , ),S U A=  if a A∈  and every element in aV  is a definite value, 
then S is called a complete information system[19,20,29].   

Let ,P A⊆  define an equivalence relation 
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( ) {( , ) | , ( ) ( )}.IND P u v U U a P a u a v= ∈ × ∀ ∈ =  

Obviously, ( ) ({ }).
a P

IND P IND a
∈

= I   

/ ( )U IND P  constitutes a partition of U. / ( )U IND P  is called an information on U, and 
every equivalence class is called an information granule. Information granulation denotes average 
measure of information granules (equivalence classes) under attributes set P.  

In particular, if / ( ) { | { }, },U IND P X X u u Uω= = = ∈  it is called identity relation; if 
/ ( ) { | { }},U IND P X X Uδ= = =  it is called universal relation.  

2.2  Incomplete information systems 

It may happen that some of the attribute values for an object are missing. For example, in medical 
information systems, there may exist a group of patients for which it is impossible to perform all 
the required tests. These missing values can be represented by the set of all possible values for the 
attribute or equivalence by the domain of the attribute. To indicate such a situation, a distin-
guished value, a so-called null value, is usually assigned to those attributes.  

In the information system ( , ),S U A=  if there at least exists an attribute a A∈  such that aV  

contains a null value, then S  is called an incomplete information system. Further on, we will 
denote the null value by *[19,20,29].  

Let ,P A⊆  define a tolerance relation[29]:  
( ) {( , ) | , ( ) ( )SIM P u v U U a P a u a v= ∈ × ∀ ∈ =  or ( ) *a u =  or ( ) *}.a v =  

Obviously, ( ) ({ }).
a P

SIM P SIM a
∈

= I  

Let ( )PS u  denote the object set { | ( , ) ( )}v U u v SIM P∈ ∈  and ( )PS u  is the tolerance class 

of u relative to P, called an information granule. Let P%  represent the classification, i.e., the fam-
ily sets{ ( ) | }.PS u u U∈  P%  constitutes a covering of U, i.e., ( )PS u ≠ ∅  for every u U∈  and 

( ) .P
u U

S u U
∈

=U  Here, P%  is called an information on U and every tolerance class is called an 

information granule. Information granulation denotes average measure of information granules 
(tolerance classes) under attributes set P. 

In particular, if { ( ) | ( ) { }, },P PP S u S u u u Uω= = = ∈%  it is called an identity relation; if P δ=%  

{ ( ) | ( ) { }, },P PS u S u U u U= = ∈  it is called a universal relation. 
Example 1.  Consider the descriptions of several cars in Table 1[20,29]. 

 
Table 1  An incomplete information system about cars[20,29] 

Car Price Mileage Size Max-speed 
u1 high low full low 
u2 low * full low 
u3 * * compact low 
u4 high * full high 
u5 * * full high 
u6 low high full * 

 
This is an incomplete information system, where 1 2 3 4 5 6{ , , , , , },U u u u u u u=  1 2 3 4{ , , , }.A a a a a=  

For convenience, we denote Price, Mileage, Size, and Max-speed by a1, a2, a3, and a4, respec-
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tively. By computing, it follows that 

1 2 3 4 5 6{ ( ), ( ), ( ), ( ), ( ), ( )},A A A A A AA S u S u S u S u S u S u=%  

where 1 1( ) { },AS u u=  2 2 6( ) { , },AS u u u=  3 3( ) { },AS u u=  4 4 5( ) { , },AS u u u=  5 4 5 6( ) { , , },AS u u u u=  and 

6 2 5 6( ) { , , }.AS u u u u=   

Let ( , )S U A=  be a complete information system and 1 2/ ( ) { , , , },mU IND A X X X= L  then 

1 2 | |{ ( ), ( ), , ( )}A A A UA S u S u S u=% L [20,21]. Let the set 1 2{ , , , },
ii i i isX u u u= L  where | |i iX s=  and 

1
| |,

m

i
i

s U
=

=∑  then  

1 2( ) ( ) ( ),
ii A i A i A isX S u S u S u= = = =L  2

1
| | | ( ) |.

is

i A ik
k

X S u
=

=∑  

Hence, when we do not need to distinguish complete information systems and incomplete in-
formation systems, an information in an information system can be represented as the vector 

1 2 | |( ) ( ( ), ( ), , ( ))A A A UK A S u S u S u= L [20,21]. In particular, the identity relation can be denoted by 

the vector 1 2 | |({ },{ }, ,{ })UP u u uω= =% L  and the universal relation can be denoted by the vector 

({ },{ }, ,{ }).P U U Uδ= =% L    

Let ( , )S U A=  be a complete information system, , ,P Q A⊆ 1 2/ ( ) { , , , },mU IND P X X X= L  

1 2/ ( ) { , , , },nU IND Q Y Y Y= L 1 2 | |( ) ( ( ), ( ), , ( )),P P P UK P S u S u S u= L  and 1 2( ) ( ( ), ( ),Q QK Q S u S u=  

| |, ( )),Q US uL  where 1 2{ , , , }
ii i i isX u u u= L  and 1 2{ , , , }.

jj j j jtY u u u= L  Then, the relationship 

between ( )K P  and / ( )U IND P  is as follows: 

1 2( ) ( ) ( ),
ii P i P i P isX S u S u S u= = = =L  2

1
| | | ( ) |.

is

i P ik
k

X S u
=

=∑  

Similarly, the relationship between ( )K Q  and / ( )U IND Q  is as follows: 

1 2( ) ( ) ( ),
jj Q j Q j Q jtY S u S u S u= = = =L  2

1
| | | ( ) |.

jt

j Q jk
k

Y S u
=

= ∑  

These kinds of representation forms will be largely used in the proofs of many theorems in this 
paper.  

3  Axiom approach of information granulation 

3.1  Partial relation “ ′p ” 

Let ( , )S U A=  be an information system, , ,P Q A⊆ 1 2 | |( ) ( ( ), ( ), , ( )),P P P UK P S u S u S u= L  and 

1 2 | |( ) ( ( ), ( ), , ( )).Q Q Q UK Q S u S u S u= L  We define a binary relation :′p   

( ) ( )K P K Q′ ⇔p if any {1,2, ,| |},i U∈ L  

one has ( ) ( ),P i Q iS u S u⊆  where ( ) ( )P iS u K P∈  and ( ) ( ),Q iS u K Q∈  just .P Q′p   
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Further on, ( ) ( )K P K Q= ⇔ if any {1,2, ,| |},i U∈ L  one has ( ) ( ),P i Q iS u S u=  just ;P Q≈  

( ) ( ) ( ) ( )K P K Q K P K Q′′ ⇔p p  and ( ) ( ),K P K Q≠  just .P Q′p   
Let ( , )S U A=  be an information system, denoted by { ( ) | }.K K P P A= ⊆   

Theorem 1.  ( , )K ′p  is a partial set.  

Proof.  Let , , ,P Q R A⊆  1 2 | |( ) ( ( ), ( ), , ( )),P P P UK P S u S u S u= L 1 2( ) ( ( ), ( ),Q QK Q S u S u=  

| |, ( ))Q US uL  and 1 2 | |( ) ( ( ), ( ), , ( )).R R R UK R S u S u S u= L   

1) It is obvious that | ( ) | | ( ) |,P PS u S u=  ,u U∈  hence .P P′p   

2) Suppose P Q′p  and .Q P′p  From the above definitions, we can obtain that 

( ) ( ),P i Q iP Q S u S u′ ⇔ ⊆p  {1,2, ,| |},i U∈ L  where ( ) ( )P iS u K P∈  and ( ) ( );Q iS u K Q∈   

( ) ( ),Q i P iQ P S u S u′ ⇔ ⊆p  {1,2, ,| |},i U∈ L  where ( ) ( )Q iS u K Q∈  and ( ) ( ).P iS u K P∈  

Therefore, we have ( ) ( ) ( ),P i Q i P iS u S u S u⊆ ⊆  i.e., ( ) ( ).P i Q iS u S u=   

Hence, we have ( ) ( ),P i Q iS u S u=  ,iu U∀ ∈  i.e., .P Q≈   

3) Suppose P Q′p  and .Q R′p  From the above definitions, we can obtain that 

( ) ( ),P i Q iP Q S u S u′ ⇔ ⊆p  {1,2, ,| |},i U∈ L  where ( ) ( )P iS u K P∈  and ( ) ( );Q iS u K Q∈   

( ) ( ),Q i R iQ R S u S u′ ⇔ ⊆p  {1,2, ,| |},i U∈ L  where ( ) ( )Q iS u K Q∈  and ( ) ( ).R iS u K R∈  

Thus, we have ( ) ( ) ( ),P i Q i R iS u S u S u⊆ ⊆  {1,2, ,| |},i U∈ L  i.e., ( ) ( ).P i R iS u S u⊆  Hence, 

.P R′p   

Therefore, ( , )K ′p  is a partial set.  

3.2  Axiom definition of information granulation and its properties 

Definition 1.  Let ( , )S U A=  be an information system, P A⊆  and G be a mapping from 
the power set of A to the set of real numbers. We say that G is an information granulation in an 
information system if G satisfies the following conditions:  

1) ( ) 0;G P ≥  (Non-negativity)  
2) , ,P Q A∀ ⊆  if ,P Q≈  then ( ) ( );G P G Q=  (Invariability) 
3) , ,P Q A∀ ⊆  if ,P Q′p  then ( ) ( ).G P G Q<  (Monotonicity) 
Theorem 2 (Extremum).  Let ( , )S U A=  be an information system and ,P A⊆  then if 
( ) ,K P ω=  ( )G P  achieves its minimum value; if ( ) ,K P δ=  ( )G P  achieves its maximum 

value. 
Proof.  Let 1 2 | |( ) ({ },{ }, ,{ })UK u u uω = L  and ( ) ({ },{ }, ,{ }).K U U Uδ = L  Hence, for any 

,R A⊆  1 2 | |( ) ( ( ), ( ), , ( )),R R R UK R S u S u S u= L  we have { } ( )i R iu S u⊆ ( ),iu U∈  i.e., .Rω ′p  

Similarly, we have ( )R iS u U⊆ ( ),iu U∈  i.e., .R δ′p   
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From (2) and (3) in Definition 1, we know that ( ) ( ) ( ).G G R Gω δ≤ ≤  QED 
In the following, we prove that some of existing definitions are all various special forms of in-

formation granulation.  
Definition 2[18].  Let ( , )S U A=  be a complete information system, 1 2/ ( ) { , ,U IND A X X=  

, }.mXL  Information granulation of A is defined as 

 2
2

1

1( ) | | ,
| |

m

i
i

GK A X
U =

= ∑  (1) 

where 2

1
| |

m

i
i

X
=
∑  is the number of elements in the equivalence relation induced by 

1
( ).

m

i i
i

X X
=

×U   

If / ( ) ,U IND A ω=  then the information granulation of A achieves its minimum value 
2| | / | | 1/ | | .U U U=  

If / ( ) ,U IND A δ=  then the information granulation of A achieves its maximum value 
2 2| | / | | 1.U U =   

Theorem 3.  GK in Definition 2 is an information granulation under Definition 1.  
Proof.   
1) Obviously, its non-negativity holds.   
2) Let , ,P Q A⊆ , then the information 1 2/ ( ) { , , , }mU IND P X X X= L  and the information 

1 2/ ( ) { , , , }nU IND Q Y Y Y= L  in complete information systems can be represented as the informa-

tion 1 2 | |( ) ( ( ), ( ), , ( ))P P P UK P S u S u S u= L  and the information 1 2( ) ( ( ), ( ), ,Q QK Q S u S u= L  

| |( )),Q US u  respectively.  

If ,P Q≈  then we have ( ) ( ),P i Q iS u S u=  {1,2, ,| |},i U∈ L  i.e., | ( ) | | ( ) | .P i Q iS u S u=  

Therefore, we have that 

 
| | | |

2 2
2 2 2 2

1 1 1 1

1 1 1 1( ) | | | ( ) | | ( ) | | | ( ).
| | | | | | | |

U Um n

i P i Q i j
i i i j

GK P X S u S u Y GK Q
U U U U= = = =

= = = = =∑ ∑ ∑ ∑  

3) Let ,P Q A⊆  with ,P Q′p  then we have that ( ) ( )P i Q iS u S u⊆  and 

| ( ) | | ( ) |,P i Q iS u S u≤  ,iu U∈  and there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 

0 0| ( ) | | ( ) | .P QS u S u<  Therefore,  

 0

0

| | | |
2

02 2 2
1 1 1,

| | | |
2

02 2 2
1, 1 1

1 1 1( ) | | | ( ) | | ( ) | | ( ) |
| | | | | |

1 1 1| ( ) | | ( ) | | ( ) | | | ( ).
| | | | | |

i

i

U Um

i P i P i P
i i i u u

U U n

Q i Q Q i j
i u u i j

GK P X S u S u S u
U U U

S u S u S u Y GK Q
U U U

= = = ≠

= ≠ = =

⎛ ⎞
= = = +⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

< + = = =⎜ ⎟⎜ ⎟
⎝ ⎠

∑ ∑ ∑

∑ ∑ ∑
 

Hence, GK in Definition 2 is an information granulation under Definition 1.  
Definition 3[20].  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uK  Information granulation of A is defined as 
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| |

2
1

1( ) | ( ) |.
| |

U

A i
i

GK A S u
U =

= ∑  (2) 

If ( ) ,K A ω=  then the information granulation of A achieves its minimum value 2| | / | |U U =  
1/ | | .U  

If ( ) ,K A δ=  then the information granulation of A achieves its maximum value 
2 2| | / | | 1.U U =  

Theorem 4.  GK in Definition 3 is an information granulation under Definition 1.  
Proof.   
1) Obviously, its non-negativity holds.  
2) Let , ,P Q A⊆  1 2 | |( ) ( ( ), ( ), , ( ))P P P UK P S u S u S u= L  and 1 2( ) ( ( ), ( ), ,Q QK Q S u S u= K  

| |( )).Q US u   

If ,P Q≈  we have that ( ) ( ),P i Q iS u S u=  {1,2, ,| |},i U∈ L  i.e., | ( ) | | ( ) | .P i Q iS u S u=  Hence, 

we can obtain that  

 
| | | |

2 2
1 1

1 1( ) | ( ) | | ( ) | ( ).
| | | |

U U

P i Q i
i i

GK P S u S u GK Q
U U= =

= = =∑ ∑  

3) Let ,P Q A⊆  with ,P Q′p  we know that ( ) ( )P i Q iS u S u⊆  and | ( ) | | ( ) |,P i Q iS u S u≤  

,iu U∈  and there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 0| ( ) | | ( ) | .P QS u S u<  Thus, 

 0

0

| | | |

02 2
1 1,

| | | |

02 2
1, 1

1 1( ) | ( ) | | ( ) | | ( ) |
| | | |

1 1| ( ) | | ( ) | | ( ) | ( ).
| | | |

i

i

U U

P i P i P
i i u u

U U

Q i Q Q i
i u u i

GK P S u S u S u
U U

S u S u S u GK Q
U U

= = ≠

= ≠ =

⎛ ⎞
= = +⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

< + = =⎜ ⎟⎜ ⎟
⎝ ⎠

∑ ∑

∑ ∑
 

Therefore, GK in Definition 3 is an information granulation under Definition 1.  
Definition 4[21].  Let ( , )S U A=  be a complete information system, 1 2/ ( ) { , ,U IND A X X=  

, }.mXL  Combination granulation of A is defined as 

 
2
| |
2

1 | |

| |
( ) ,

| |
i

m
Xi

i U

CX
CG A

U C=

= ∑  (3) 

where 
| |
| |

iX
U

 represents the probability of equivalence class iX  within the universe U; 
2
| |
2
| |

iX

U

C

C
 

denotes the probability of pairs of elements on equivalence class iX  within the whole pairs of 
elements on the universe U.  

If ( ) ,U IND A ω=  then the combination granulation of A achieves its minimum value 
2
| |0 / 0.UC =  

If ( ) ,U IND A δ=  then the combination granulation of A achieves its maximum value 
2 2
| | | |/ 1.U UC C =  
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Theorem 5.  CG in Definition 4 is an information granulation under Definition 1. 
Proof.   
1) Obviously, its non-negativity holds. 
2) Let , ,P Q A⊆  then the information 1 2/ ( ) { , , , }mU IND P X X X= L  and the information 

1 2/ ( ) { , , , }nU IND Q Y Y Y= L  in complete information systems can be represented as the informa-

tion 1 2 | |( ) ( ( ), ( ), , ( ))P P P UK P S u S u S u= L  and the information 1 2 | |( ) ( ( ), ( ), , ( )),Q Q Q UK Q S u S u S u= L  

respectively. Suppose 1 2{ , , , },
ii i i isX u u u= L  {1,2, , },i m∈ L  where | |i iX s=  and 

1
| |,

m

i
i

s U
=

=∑  

then the relationship between K(P) and ( )U IND P  is as follows: 

 
1 2

1 2

( ) ( ) ( ),

| | | ( ) | | ( ) | | ( ) | .
i

i

i P i P i P is

i P i P i P is i

X S u S u S u

X S u S u S u s

= = = =

= = = = =

L

L
 

Similarly, 1 2| | | ( ) | | ( ) | | ( ) | .
jj Q j Q j Q jt jY S u S u S u t= = = = =L  

Therefore, we have that 

 

2 2 2
| | | | | ( )|
2 2 2

1| | | | | |

2 2 2
| | | | | ( )|
2 2 2

1| | | | | |

| | ,

| | .

i
i i P ik

j
j j Q jk

s
X X S u

i i
kU U U

t
Y Y S u

j j
kU U U

C C C
X s

C C C

C C C
Y t

C C C

=

=

× = × =

× = × =

∑

∑
 

If ,P Q≈  one has ( ) ( ),P i Q iS u S u=  {1,2, ,| |},i U∈ L  i.e., | ( ) | | ( ) | .P i Q iS u S u=  Hence, we 

can obtain that 

 

22 2 2 | |
| | | | | ( )| | ( )|
2 2 2 2

1 1 1 1 1| | | | | | | |

2 2 2| | | ( )| | ( )| | |
2 2 2

1 1 1 1| | | | | |

| | 1 1( )
| | | | | |

| |1 ( ).
| | | |

i
i i P ik P i

j
Q i Q jk j

s Um m m
X X S u S ui

i
i i i k iU U U U

tU n nS u S u Yj

i j k jU U U

CC C CX
CG P s

U U UC C C C

C C CY
CG Q

U UC C C

= = = = =

= = = =

= = × = =

= = = =

∑ ∑ ∑∑ ∑

∑ ∑∑ ∑
 

3) Let ,P Q A⊆  with ,P Q′p  then we have ( ) ( )P i Q iS u S u⊆  and | ( ) | | ( ) |,P i Q iS u S u≤  

,iu U∈  and there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 0| ( ) | | ( ) | .P QS u S u<  Hence, 

 

0

0

0

0

2 2 2 2| | | |
| | ( )| ( )| | ( )|

2 2 2 2
1 1 1,| | | | | | | |

22 2| | | || ( )| | ( )| | ( )|
2 2 2

1, 1 1| | | | | |

| | 1 1 1( )
| | | | | | | |

| |1 1 1
| | | | | | | |

i P i P i P

i

Q i Q Q i

i

U Um
X S u S u S ui

i i i u uU U U U

U U nS u S u S u j

i u u i jU U U

C C C CX
CG P

U U U UC C C C

CC C Y
U U U UC C C

= = = ≠

= ≠ = =

= = = +

< + = =

∑ ∑ ∑

∑ ∑ ∑
2
| |
2
| |

( ).jY

U

C
CG Q

C
=

 

Thus, CG in Definition 4 is an information granulation under Definition 1.  
Definition 5[21].  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL  Combination granulation of A is defined as 
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2| |
| ( )|

2
1 | |

1( ) ,
| |

A i
U

S u

i U

C
CG A

U C=

= ∑  (4) 

where 
2
| ( )|

2
| |

A iS u

U

C

C
 denotes the probability of pairs of elements on the tolerance class ( )A iS u  within 

the whole pairs of elements on the universe U.  
If ( ) ,K A ω=  then the combination granulation of A achieves its minimum value 

| | 0 / | | 0.U U× =   
If ( ) ,K A δ=  then the combination granulation of A achieves its maximum value 

| | / | | 1.U U =   
Theorem 6.  CG in Definition 5 is an information granulation under Definition 1.  
Proof.   
1) Obviously, its non-negativity holds.  
2) Let , ,P Q A⊆  1 2 | |( ) ( ( ), ( ), , ( ))P P P UK P S u S u S u= L  and 1 2( ) ( ( ), ( ), ,Q QK Q S u S u= K  

| |( )).Q US u  

If ,P Q≈  we know that ( ) ( ),P i Q iS u S u=  {1,2, ,| |},i U∈ L  i.e., | ( ) | | ( ) | .P i Q iS u S u=  Thus, 

we have that 

 
22

| | | | | ( )|| ( )|
2 2

1 1| | | |

1 1( ) ( ).
| | | |

Q iP i
U U S uS u

i iU U

CG P CG Q
U U

CC
C C= =

= = =∑ ∑  

3) Let ,P Q A⊆  with ,P Q′p  we have that ( ) ( )P i Q iS u S u⊆  and | ( ) | | ( ) |,P i Q iS u S u≤  

,iu U∈  and there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 0| ( ) | | ( ) | .P QS u S u<  Hence, 

 

0

0

0

0

2 2 2| | | |
| ( )| | ( )| | ( )|

2 2 2
1 1,| | | | | |

2 2 2| | | |
| ( )| | ( )| | ( )|

2 2 2
1, 1| | | | | |

1( )
| |

1 ( ).
| |

P i P i P

i

P i P P i

i

U U
S u S u S u

i i u uU U U

U U
S u S u S u

i u u iU U U

C C C
CG P

U C C C

C C C
CG Q

UC C C

= = ≠

= ≠ =

= = +

< + = =

∑ ∑

∑ ∑
 

Therefore, CG in Definition 5 is an information granulation under Definition 1.  
Definition 6[18,20].  Let ( , )S U A=  be a complete information system and / ( )U IND A  

1 2{ , , , }.mX X X= L  Rough entropy of A  is defined as 

 2
1

| | 1( ) log .
| | | |

m
i

r
i i

X
E A

U X=

= −∑  (5) 

If ( ) ,U IND A ω=  then the rough entropy of A achieves its minimum value 0.  

If ( ) ,U IND A δ=  then the rough entropy of A achieves its maximum value 2log | | .U  

Theorem 7.  rE  in Definition 6 is an information granulation under Definition 1. 
Proof.   
1) Obviously, its non-negativity holds. 
2) Let , ,P Q A⊆ 1 2/ ( ) { , , , },mU IND P X X X= L  1 2/ ( ) { , , , }nU IND Q Y Y Y= L  and ( )K P =  
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1 2 | |( ( ), ( ), , ( )),P P P US u S u S uL  1 2 | |( ) ( ( ), ( ), , ( )).Q Q Q UK Q S u S u S u= L  If ,P Q≈  we have that 

( ) ( ),P i Q iS u S u=  {1,2, ,| |},i U∈ L  i.e., | ( ) | | ( ) | .P i Q iS u S u=  Therefore, 

 

| |

2 2 2
1 1 1 1

| |

2 2
1 1

| | 1 1 1 1 1( ) log log log
| | | | | | | ( ) | | | | ( ) |

| |1 1 1log log ( ).
| | | ( ) | | | | |

is Um m
i

r
i i k ii P ik P i

U n
j

r
i jQ i j

X
E P

U X U S u U S u
Y

E Q
U S u U Y

= = = =

= =

= − = − = −

= − = − =

∑ ∑∑ ∑

∑ ∑
 

3) Let ,P Q A⊆  with ,P Q′p  we have that ( ) ( )P i Q iS u S u⊆  and 1 | ( ) | | ( ) |,P i Q iS u S u≤ ≤  

,iu U∈  and there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 01 | ( ) | | ( ) | .P QS u S u<≤  

Hence, 

 

0

2
1

2 2 2
1 1 2

| | | |

2 2
1 1

| |

2 2 0
1,

| | 1( ) log
| | | |

1 1 1 1 1 1log log log
| | | ( ) | | | | ( ) | | | | ( ) |

1 1 1log log | ( ) |
| | | ( ) | | |

1 1log | ( ) | log | ( ) |
| | | |

i

i

m
i

r
i i

m

i P i P i P is

U U

P i
i iP i

U

P i P
i u u

X
E P

U X

U S u U S u U S u

S u
U S u U

S u S u
U U

=

=

= =

= ≠

= −

⎛ ⎞
= − + + +⎜ ⎟⎜ ⎟

⎝ ⎠

= − =

= +

=

∑

∑

∑ ∑

∑

L

0

0

| |

2 2 0
1,

| |

2 2 0
1,

| | | |

2 2
11

2 2
1 1 1

1 1log | ( ) | log | ( ) |
| | | |

1 1log | ( ) | log | ( ) |
| | | |

1 1log | ( ) | log | ( ) |
| | | |

| |1 1 1log log
| | | ( ) | | | | |

(

i

i

j

U

P i P
i u u

U

Q i Q
i u u

U U

Q i Q i
ii

tn n
j

j k jP jk j

r

S u S u
U U

S u S u
U U

S u S u
U U

Y
U S u U Y

E Q

= ≠

= ≠

==

= = =

+

< +

= =

= − = −

=

∏

∏

∑∏

∑∑ ∑
),  

that is ( ) ( ).r rE P E Q<   

Thus, rE  in Definition 6 is an information granulation under Definition 1.  

Definition 7[19].  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL  Rough entropy of A is defined as 

 
| |

2
1

1 1( ) log .
| | | ( ) |

U

r
i A i

E A
U S u=

= −∑  (6) 

If ( ) ,K A ω=  then the rough entropy of A achieves its minimum value 0.  

If ( ) ,K A δ=  then the rough entropy of A achieves its maximum value 2log | | .U   
Theorem 8.  Let ( , )S U A=  be a complete information system and / ( )U IND A =  
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1 2{ , , , }.mX X XL  Then, the rough entropy of A degenerates into 

 2
1

| | 1( ) log .
| | | |

m
i

r
i i

X
E A

U X=

= −∑   

Proof.  Suppose that 1 2 | |( ) ( ( ), ( ), , ( ))A A A UK A S u S u S u= L  and 1 2{ , , , },
ii i i isX u u u= L  

where | |i iX s=  and 
1

| |.
m

i
i

s U
=

=∑  Then, the relationship between them is as follows 

 1 2( ) ( ) ( ).
ii A i A i A isX S u S u S u= = = =L  

Therefore,  

 

2
1

2 2 2
1 1 2

2 2 2
1 2 | |

| |

2
1

| | 1log
| | | |

1 1 1 1 1 1log log log
| | | ( ) | | | | ( ) | | | | ( ) |

1 1 1 1 1 1log log log
| | | ( ) | | | | ( ) | | | | ( ) |

1 1log
| | | ( ) |

( ).

i

m
i

i i

m

i A i A i A is

A A A U

U

i A i

r

X
U X

U S u U S u U S u

U S u U S u U S u

U S u
E A

=

=

=

−

⎛ ⎞
=− + + +⎜ ⎟⎜ ⎟

⎝ ⎠
⎛ ⎞

=− + + +⎜ ⎟⎜ ⎟
⎝ ⎠

=−

=

∑

∑

∑

L

L  

This completes the proof.  
Theorem 9.  rE  in Definition 7 is an information granulation under Definition 1.  
Proof.  The proof is similar to that of Theorem 7.  

4  Entropy theory in information systems 

Entropy is always used to measure out-of-order degree of a system. The bigger entropy value is, 
the higher our-of-order of a system. Shannon introduced the concept of entropy in physics to in-
formation theory for measuring uncertainty of the structure of a system.  

Definition 8[22]. Let ( , )S U A=  be a complete information system, / ( )U IND A =  

1 2{ , , , }mX X XL  and 
| |

,
| |

i
i

X
p

U
=  we call 

 2
1

( ) log
m

i i
i

H A p p
=

= −∑  (7) 

information entropy of the information system S. When some ip  equals 0, then 20 log 0 0.⋅ =  
Theorem 10.  Let ( , )S U A=  be a complete information system and , .P Q A⊆  If ,P Q′p  

then ( ) ( ).H Q H P<  

Proof.  Let 1 2/ ( ) { , , , }mU IND P X X X= L  and 1 2/ ( ) { , , , }.nU IND Q Y Y Y= L  Suppose that 

1 2{ , , , }
ii i i isX u u u= L  and 1 2{ , , , },

jj j j jtY u u u= L  where | | ,i iX s= | | ,j jY t=  and 
1

| |,
m

i
i

s U
=

=∑  
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1
| | .

n

j
j

t U
=

=∑  They can be uniformly expressed as 1 2 | |( ) ( ( ), ( ), , ( )}P P P UK P S u S u S u= L  and 

1 2 | |( ) { ( ), ( ), , ( )).Q Q Q UK Q S u S u S u= L  Hence, the relationship between ( )K P  and ( )U IND P  

can be established as follows: 

 
1 2

1 2

( ) ( ) ( ),

| | | ( ) | | ( ) | | ( ) | .
i

i

i P i P i P is

i P i P i P is i

X S u S u S u

X S u S u S u s

= = = =

= = = = =

L

L
 

Similarly, we have 1 2| | | ( ) | | ( ) | | ( ) | .
jj Q j Q j Q jt jY S u S u S u t= = = = =L  

Therefore, 

1 2
2 2 2 2

1 2
2 2 2 2

| ( ) || | | | | ( ) | | ( ) |1 1 1log log log log ,
| | | | | | | | | | | | | | | |

| ( ) || | | | | ( ) | | ( ) |1 1 1log log log log .
| | | | | | | | | | | | | | | |

i

j

P isi i P i P i

Q jtj j Q j Q j

S uX X S u S u
U U U U U U U U

S uY Y S u S u
U U U U U U U U

= + + +

= + + +

L

L

 

Since ,P Q′p  thus one has ( ) ( )P i Q iS u S u⊆  and 1 | ( ) | | ( ) |,P i Q iS u S u≤ ≤  ,iu U∈  and 

there exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 01 | ( ) | | ( ) | .P QS u S u<≤   

Hence, 

 
0

0

2
1

| |

2 2
1 1 1
| |

0
2 2

1,

| |
0

2 2
1,

| | | |
( ) log

| | | |

| ( ) | | ( ) |1 1log log
| | | | | | | |

| ( ) | | ( ) |1 1log log
| | | | | | | |

| ( ) | | ( ) |1 1log log
| | | | | | | |

i

i

i

m
i i

i
s Um

P ik P i

i k i
U

P i P

i u u

U
Q i Q

i u u

X X
H P

U U

S u S u
U U U U

S u S u
U U U U

S u S u
U U U U

=

= = =

= ≠

= ≠

= −

= − = −

= − −

> − −

= −

∑

∑∑ ∑

∑

∑
| |

2 2
1 1 1

2
1

| ( ) | | ( ) |1 1log log
| | | | | | | |

| | | |
log ( ).

| | | |

jtU n
Q i Q jk

i j k

n
j j

j

S u S
U U U U

Y Y
H Q

U U

μ

= = =

=

= −

= − =

∑ ∑∑

∑

 

Obviously, ( ) ( ).H Q H P<  QED 

For convenience, the monotonicity of entropy value induced by the partial relation ′p  is 
called granulation monotonicity.  

Definition 9.  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uK  Information entropy of A is defined as 

 
| |

2
1

| ( ) |1( ) log ,
| | | |

U
A i

i

S u
H A

U U=

= −∑  (8) 

where : [0, ).H A→ ∞   
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If ( ) ,K A ω=  then the information entropy of A achieves its maximum value 2log | | .U   
If ( ) ,K A δ=  then the information entropy of A achieves its minimum value 0.  
Theorem 11.  Let ( , )S U A=  be an incomplete information system and , .P Q A⊆  If 

,P Q′p  then ( ) ( ).H Q H P<   
Proof.  The proof is similar to that of Theorem 10.   
Liang presented a new method for measuring uncertainty in complete information systems, 

which can be used to measure both uncertainty and fuzziness in rough set theory.  
Definition 10[28].  Let ( , )S U A=  be a complete information system and / ( )U IND A =  

1 2{ , , , }.mX X XL  New information entropy of A is defined as 

 
1 1

| | | | | | | |
( ) 1 ,

| | | | | | | |

cm m
i i i i

i i

X X X X
E A

U U U U= =

⎛ ⎞
= = −⎜ ⎟

⎝ ⎠
∑ ∑  (9) 

where c
iX  denotes the complement set of ,iX  i.e., ,c

i iX U X= −  
| |
| |

iX
U

 represents the 

probability of iX  within the universe U and 
| |
| |

c
iX

U
 is the probability of the complement set of 

iX  within the universe U.  

Further on, we gave its condition entropy 
1 1

| | | |
( | )

| | | |

c cm n
i j j i

i j

X Y Y X
E Q P

U U= =

∩ −
=∑∑  and mutual 

information 
1 1

| | | |
( ; ) .

| | | |

c cm n
i j j i

i j

X Y Y X
E P Q

U U= =

∩ ∩
=∑∑  The relationship between these three con-

cepts is ( ; ) ( ) ( | )E P Q E Q E Q P= − [28].  
Unlike Shannon’s entropy, this entropy can measure not only uncertainty in information sys-

tems, but also fuzziness of a rough set and a rough classification.  
Theorem 12.  Let ( , )S U A=  be a complete information system and , .P Q A⊆  If ,P Q′p  

then ( ) ( ).E Q E P<   
Proof.  Similar to Theorem 10, we can obtain that 

 

1 2

1 2

| ( ) || | | | | ( ) | | ( ) |1 1 11 1 1 1 ,
| | | | | | | | | | | | | | | |

| ( ) || | | | | ( ) | | ( ) |1 1 11 1 1 1
| | | | | | | | | | | | | | | |

i

j

P isi i P i P i

P jtj j P j P j

S uX X S u S u
U U U U U U U U

S uY Y S u S u
U U U U U U U U

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− = − + − + + −⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞

− = − + − + + −⎜⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

L

L .⎟⎟
⎠

 

Since ' ,P Qp  one can obtain ( ) ( )P i Q iS u S u⊆  and | ( ) | | ( ) |,P i Q iS u S u≤ ,iu U∈  and there 

exists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 0| ( ) | | ( ) | .P QS u S u<  Hence, 

1 1 1

1 2

1

| | | | | ( ) |1( ) 1 1
| | | | | | | |

| ( ) || ( ) | | ( ) |1 1 11 1 1
| | | | | | | | | | | |

i

i

sm m
i i P ik

i i k

m
P isP i P i

i

X X S u
E P

U U U U

S uS u S u
U U U U U U

= = =

=

⎛ ⎞ ⎛ ⎞
= − = −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞

= − + − + + −⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

∑ ∑∑

∑ L
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0

0

| | | |
0

1 1,

| |
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1,

| | | |

1 1

| ( ) | | ( ) | | ( ) |1 1 11 1 1
| | | | | | | | | | | |

| ( ) | | ( ) |1 11 1
| | | | | | | |

| ( ) | |1 11 1
| | | | | |

i

i

U U
P i P i P

i i u u

U
Q i Q

i u u

U U
Q i

i i

S u S u S u
U U U U U U

S u S u
U U U U

S u S
U U U

= = ≠

= ≠

= =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= − = − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞
> − + −⎜ ⎟ ⎜ ⎟
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⎛ ⎞
= − = −⎜ ⎟

⎝ ⎠

∑ ∑

∑

∑ ∑
1 1

1

( ) | | ( ) |1 1
| | | | | |

| | | |
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jtn
Q i Q jk

j k

n
j j

j

u S u
U U U

Y Y
E Q

U U

= =

=

⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

⎛ ⎞
= − =⎜ ⎟

⎝ ⎠

∑∑

∑

 

Obviously, ( ) ( ).E Q E P<   

Definition 11.  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL   Information entropy of A is defined as 

 
| |

1

| ( ) |1( ) 1 .
| | | |

U
A i

i

S u
E A

U U=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑  (10) 

If ( ) ,K A ω=  then the information entropy of A achieves its maximum value 1 1/ | | .U−  
If ( ) ,K A δ=  then the information entropy of A achieves its minimum value 0. 

Theorem 13.  Let ( , )S U A=  be a complete information system, 1 2( ) { , ,U IND A X X=  

, }mXL  and 1 2 | |( ) ( ( ), ( ), , ( )).A A A UK A S u S u S u= L  Information entropy of A degenerates into 

 
1

| | | |
( ) 1 ,

| | | |

m
i i

i

X X
E A

U U=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑  

i.e., 

 
| |

1 1

| ( ) | | | | |1( ) 1 1 .
| | | | | | | |

U m
A i i i

i i

S u X X
E A

U U U U= =

⎛ ⎞ ⎛ ⎞
= − = −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑  

Proof.  The proof is similar to that of Theorem 12.  
Theorem 13 shows that the information entropy in complete information systems is a special 

form of the information entropy in incomplete information systems.  
Theorem 14.  Let ( , )S U A=  be an incomplete information system and , .P Q A⊆  If 

,P Q′p   then ( ) ( ).E Q E P<   
Proof.  The proof is similar to that of Theorem 12.  
Definition 12[21].  Let ( , )S U A=  be an incomplete information system and ( )K A =  

1 2 | |( ( ), ( ), , ( )).A A A US u S u S uL  Combination entropy of A is defined as 

 
2 2| |
| | | ( )|

2
1 | |

1( ) ,
| |

A i
U

U S u

i U

C C
CE A

U C=

−
= ∑  (11) 

where 
2 2
| | | ( )|

2
| |

A iU S u

U

C C

C

−
 denotes the probability of pairs of the elements which are probably distin-

guishable to each other within the whole number of pairs of the elements on the universe U. 
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If ( ) ,K A ω=  then the combination entropy of A achieves its maximum value 1. 
If ( ) ,K A δ=  then the combination entropy of A achieves its minimum value 0. 
Theorem 15.  Let ( , )S U A=  be an incomplete information system and , .P Q A⊆  If 

,P Q′p  then ( ) ( ).CE Q CE P<   

Proof.  Suppose 1 2 | |( ) ( ( ), ( ), , ( ))P P P UK P S u S u S u= L  and 1 2 | |( ) ( ( ), ( ), , ( )).Q Q Q UK Q S u S u S u= L  

Since ,P Q′p  we have that ( ) ( )P i Q iS u S u⊆  and | ( ) | | ( ) |,P i Q iS u S u≤  ,iu U∈  and there ex-

ists 0u U∈  such that 0 0( ) ( )P QS u S u⊂  and 0 0| ( ) | | ( ) | .P QS u S u<  

Therefore, 

0

0

0
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−
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Obviously, ( ) ( ).CE Q CE P<   
Theorem 16.  Let ( , )S U A=  be a complete information system and / ( )U IND A =  

1 2{ , , , }.mX X XL  Then, the combination entropy of A degenerates into 

 
2 2
| | | |

2
1 | |

| |
( ) ,

| |
i

m
U Xi

i U

C CX
CE A

U C=

−
=∑  (12) 

where 
2 2
| | | |

2
| |

iU X

U

C C

C

−
 denotes the probability of pairs of the elements which are distinguishable 

each other within the whole number of pairs of the elements on the universe U. 
Proof.  Suppose 1 2/ ( ) { , , , },mU IND A X X X= L 1 2{ , , , },

ii i i isX u u u= L {1,2, , },i m∈ L  where 

| | |i iX s=  and 
1

| | .
m

i
i

s U
=

=∑  Let 1 2 | |( ) ( ( ), ( ), , ( )),A A A UK A S u S u S u= L  then the relationship between 

( )K A  and / ( )U IND A  is as follows: 

1 2( ) ( ) ( ),
ii P i P i P isX S u S u S u= = = =L  

i.e., 

1 2| | | ( ) | | ( ) | | ( ) | .
ii P i P i P isX S u S u S u= = = =L  

Hence, one can obtain that 
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2 2 2 2| | | |
| ( )| | ( )| | | | ( )|

2 2 2
1 1 1 1| | | | | |

1 1 11 1 .
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i
A ik A i A i
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This completes the proof.   

5  The relationship between information granulation and entropy 

In some sense, there exists a complement relation between entropy and information granulation. 
That is to say, the bigger the entropy value is, the smaller the information granulation; the smaller 
the entropy value is, the bigger the information granulation.  

5.1  The relationship between information granulation and entropy in complete informa-
tion systems 

Theorem 17 ]18[ .  Let ( , )S U A=  be a complete information system and / ( )U IND A =  

1 2{ , , , }.mX X XL  Then, the relationship between the information entropy ( )E A  and the infor-
mation granulation ( )GK A  is as follows: 
 ( ) ( ) 1.E A GK A+ =  (13) 

Theorem 18[18].  Let ( , )S U A=  be a complete information system and / ( )U IND A =  

1 2{ , , , }.mX X XL  Then, the relationship between Shannon’ entropy ( )H A  and the rough en-

tropy ( )rE A  is as follows: 

 2( ) ( ) log | | .rH A E A U+ =  (14) 
Theorem 19.  Let ( , )S U A=  be a complete information system and / ( )U IND A =  

1 2{ , , , }.mX X XL  Then, the relationship between the rough entropy ( )CE A  and the combina-
tion granulation ( )CG A  is as follows: 
 ( ) ( ) 1.CE A CG A+ =  (15) 

Proof.  From their definitions, one can obtain that 
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Clearly, ( ) ( ) 1.CE A CG A+ =   

5.2  The relationship between information granulation and entropy in incomplete informa-
tion systems 

Theorem 20.  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL  Then, the relationship between the information entropy ( )E A  and the 

information granulation ( )GK A  is as follows: 
 ( ) ( ) 1.E A GK A+ =  (16) 

Proof.  Let 1 2 | |( ) ( ( ), ( ), , ( )),A A A UK A S u S u S u= L  then 
| | | | | |
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i.e., ( ) ( ) 1.E A GK A+ =   

Theorem 21.  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL  Then, the relationship between the information entropy ( )H A  and the 

rough entropy ( )rE A  is as follows: 

 2( ) ( ) log | | .rH A E A U+ =  (17) 
Proof.  It follows from Definition 7 and Definition 9 that 
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That is 2( ) ( ) log | | .rH A E A U+ =   

Theorem 22.  Let ( , )S U A=  be an incomplete information system and 1( ) ( ( ),AK A S u=  

2 | |( ), , ( )).A A US u S uL  Then, the combination entropy ( )CE A  and the combination granulation 

( )CG A  is as follows: 
 ( ) ( ) 1.CE A CG A+ =  (18) 

Proof.  From their definitions, one know that 

 
2 2 2| | | |
| | | ( )| | ( )|

2 2
1 1| | | |
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A i A i
U U

U S u S u
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Obviously, ( ) ( ) 1.CE A CG A+ =  

6  Conclusions 

Information granulation and entropy theory are two main approaches to research the uncertainty 
of an information system, which have been widely applied in many practical issues. In this paper, 
the characterizations and representations of information granules in complete information sys-
tems and incomplete information systems have been analyzed and an axiom approach to informa-
tion granulation has been presented. It has been proved that each of the existing information 
granulations is a special instance of this axiom definition. Furthermore, some results of entropy 
theory have been extended in information systems and the relationship between information 
granulation and entropy has been established. It deserves to be pointed out that entropy measures 
in information systems all satisfy granulation monotonicity. These results unify the relative con-
clusions about uncertainty measure in complete information systems and incomplete information 
systems. Further research work is planned to establish an axiom approach of fuzzy information 
granulation in fuzzy information systems.  
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